We compute the jet quenching parameterq of QCD plasma in the presence of strong magnetic field in both weakly and strongly coupled regimes. In weakly coupled regime, we computeq in perturbative QCD at complete leading order (that is, leading log as well as the constant under the log) in QCD coupling constant α s , assuming the hierarchy of scales α s eB T 2 eB. We consider two cases of jet orientations with respect to the magnetic field: 1) the case of jet moving parallel to the magnetic field, 2) the case jet moving perpendicular to the magnetic field. In the former case, we findq ∼ α 2 s (eB)T log(1/α s ), while in the latter we havê q ∼ α 2 s (eB)T log(T 2 /α s eB). In both cases, this leading order result arises from the scatterings with thermally populated lowest Landau level quarks. In strongly coupled regime described by AdS/CFT correspondence, we findq ∼ √ λ(eB)T or q ∼ √ λ √ eBT 2 in the same hierarchy of T 2 eB depending on whether the jet is moving parallel or perpendicular to the magnetic field, respectively, which indicates a universal dependence ofq on (eB)T in both regimes for the parallel case, the origin of which should be the transverse density of lowest Landau level states proportional to eB. Finally, the asymmetric transverse momentum diffusion in the case of jet moving perpendicular to the magnetic field may give an interesting azimuthal asymmetry of the gluon Bremsstrahlung spectrum in the BDMPS-Z formalism. *
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Introduction
The energy loss of a high energy jet in the QCD plasma via gluon Bremstrahlung, described by BDMPS-Z formalism in large scattering number limit [1, 2, 3, 4, 5] , rests on a single parameterq, the jet quenching parameter. It is defined as the transverse momentum diffusion constant of the (emitted) gluon per unit length of the jet trajectory:q = p 2 ⊥ /dz [2] . In our computation, we will call any fast moving color charged object with some representation R a jet, since in the eikonal limit the identity of the object should not matter except its color charge (this includes the emitted gluon as well). The same parameter also gives the damping rate of an energetic small dipole of size b by Γ dipole = 1 2q b 2 in small b limit. This connection between the two can be understood as follows. The amplitude square of the gluon Bremstrahlung is a product of transition amplitude forward in time and its complex conjugate. The conjugate amplitude can be put as
where U (t) is the time-evolution operator and |ī is a time-inversion state of the initial state |i , which in Schrodinger picture is just the complex conjugate wave function of the original wave-function. Since the time-inverse operator U (t) * describes a negative energy state with opposite color charge, the complex conjugate of transition amplitude can be put as an ordinary transition amplitude of a jet, but with a negative energy and opposite color charge, which evolves with time-reversed propagator U (t) * . Let's call this "anti-jet". This is nothing but the evolution on the second contour in Schwinger-Keldysh formalism for complex conjugate amplitudes. The key element is that the thermally fluctuating soft gauge fields that are the main source of scatterings with the jet are classical fields in nature, which are "r"-type fields in the language of Schwinger-Keldysh formalism: these classical soft r-type fluctuations give leading order contributions to the total scattering rate to the jet, due to Bose-Einstein enhancement in the soft region, n B (ω) ∼ T /ω for ω T .
As these r-type fields have the same values on both contours in the Schwinger-Keldysh formalism, it doesn't matter on which contour we put the anti-jet for the computation of soft scatterings with them. If we choose to put the jet and anti-jet together, they look just like a color dipole. In BDMPS-Z formalism, we have jet-antijet-gluon three body system during the virtual process, which can be thought of as a collection of three color dipoles. The only difference between this jet-antijet pair and a real color dipole is that the anti-jet has a negative kinetic energy: the damping rate part of the hamiltonian (i.e. the imaginary part) coming from soft scatterings with thermal fluctuations is the same between the two, since these scatterings care only the color charges of the pair. In large scattering number limit, the small size regime dominates, and the scattering amplitude becomes
where A single is the scattering amplitude with a single jet, q is the spatial part of the exchanged momentum, and b is the transverse size of the color dipole. This gives the damping rate part being
with the conventional definition ofq being the transverse momentum diffusion rate of a single jet.
We computeq in the presence of strong magnetic field limit eB T 2 , in both weakly coupled regime at leading order in α s as well as in strongly coupled regime described by AdS/CFT correspondence. In the former case, we additionally assume α s eB T 2 , so that self-energy corrections from lowest Landau level states (LLL) of quarks to the "hard"
particles of typical momenta T can be neglected (see later sections for more details). Only with this additional assumption of small enough coupling α s , a systematic power counting scheme at weak coupling we employ can apply: this scheme was recently introduced in Ref. [6] to compute heavy-quark diffusion constant in strong magnetic field in perturbative QCD (pQCD). We follow the same scheme in this work. We further neglect small quark mass corrections treating them massless: this is well-justified practically, m 2 q /eB or m 2 q /T 2 is about 10 −4 for T ∼ 300 MeV. In both weakly and strongly coupled regimes, we consider the two cases of jet motions: the jet moving parallel to the magnetic field and the one moving perpendicular to the magnetic field.
Jet quenching in weakly coupled regime
The leading order computation ofq in small α s can be done by first computing the scattering rate per unit momentum transfer, dΓ single /d 3 q, from leading t-channel gluon exchange between hard thermal quarks or gluons and the jet. Then the jet quenching parameter is computed asq
where q ⊥ is the transverse component of the momentum transfer, and 1/v factor is from the translation between the diffusion constants "per unit length" and "per unit
In the large jet momentum limit P T , which is the case for either heavy-quarks (P 0 = M Q T ) or for a ultra-relativistic jet (P ≈ E(1, v) with E T and v ≈ 1), the leading power of P in the Feynman diagrams arises only in the t-channel exchange diagrams. For the case of scatterings with thermal gluons, this statement is not gauge-invariant, but is true in the gauge · P =˜ · P = 0 where ,˜ are polarizations of incoming and out-going gluons [7] . For a ultra-relativistic jet where P is nearly light-like, this gauge is essentially the light-cone gauge.
The t-channel momentum exchange q involves a soft scale (Q T ) for leading log contributions (as we will see), which features logarithmic IR singularity forq. This is cured by gluon self-energy corrections either from thermally excited LLL quarks or from thermally excited hard gluons. Both give the screening masses for t-channel gluon exchange, the former being m 2 D,B ∼ α s eB and the latter m
Under our assumption of eB T 2 , we can keep only the former Debye screening from the LLL states. We emphasize that the t-channel exchanged gluons for which we include the self-energy are space-like and soft.
On the other hand, the dispersion relations of scattering hard quarks and hard gluons generally get thermal mass corrections from the same self-energy but evaluated in nearly on-shell kinematic regions. They are of the same order, α s eB or α s T 2 . As our further assumption of α s eB T 2 , and hard quarks and gluons have typical momenta T , we can neglect the self-energy (i.e. thermal mass) for these scattering hard thermal particles in leading order computation: the leading orderq comes from the hard momentum (∼ T ) region of scattering particles. These hard particles are then free particles in leading order treatment. In turn, this also justifies the computation of self-energy itself from 1-loop of hard particles in the loop: these hard particles in the loop are free particles, their thermal mass corrections give only higher order corrections to the self-energy. This leading order treatment is then self-consistent [6] .
We give a brief summary of results we will obtain in the next subsections of detailed computation ofq. For the case of scattering with thermal gluons, due to an issue of gauge invariance that we mentioned above, one needs to work directly with this formula computing somewhat challenging phase space integrals as done originally in Ref. [7] . The leading log contribution is however manageable, which will be shown in the Appendix to
. On the other hand, the contribution coming from scatterings with LLL quarks will be shown to beq quarks ∼ α , which is larger thanq gluon by a factor of eB/T 2 1. The origin of this enhancement is basically the large density of Figure 1 : The imaginary cut of the jet self-energy is equal to the damping rate, that is, the total scattering rate with thermal (hard) particles, especially the lowest Landau level quarks. The exchanged gluon line is Debye screened by the same hard LLL states.
states of LLL quarks which scales linearly with eBT (eB from the density of states of LLL in two transverse dimensions and T from the longitudinal thermal distribution), while the density of states of gluons with thermal distribution scales only with T 3 . Therefore, the leading orderq is provided by the scatterings with the thermally excited LLL quarks.
The t-channel process with LLL quarks is free of gauge-invariance issue, and in this case one can explore an alternative way of computing the t-channel scattering rate dΓ/d 3 q from cutting the 1-loop retarded jet self-energy diagram, which gives the imaginary part of retarded jet self-energy or the damping rate of the jet,
where q is nothing but the loop momentum of the gluon line in the jet self-energy computation, and Σ R (P ) is the retarded jet self-energy: see Figure 1 . The internal gluon line should include its own self-energy coming from 1-loop hard thermal LLL states: that would be the Hard Thermal Loop propagator in the soft t-channel momentum region of q, but now from the LLL states instead of more conventional free hard fermions/gluons.
As argued in the above and in the Appendix, the contributions from hard gluons to this t-channel gluon self-energy is subdominant and neglected. Once we compute dΓ single /d 3 q in this method, we can computeq by weighting the integral by an additional factor of q 2 ⊥ . This method seems much simpler, so we will adopt it in the next subsections.
Scattering rate of the jet from its 1-loop self-energy
For definiteness we assume that the jet is a fast moving fermion with momentum P , but the result in high P limit is independent of this detail, due to eikonal reduction of jet propagation when P Q: the only important fact is that the current of the jet in relativistic normalization isŪ
where t a is the color charge of the jet.
The 1-loop retarded jet self-energy is given by Σ R (P ) = (−i)Σ ra (P ) with "ra"-selfenergy in real-time formalism is 8) with the spinor projection operator 9) and M is the rest mass of the jet. We will consider relativistic cases where the jet momentum p M . Our metric convention in this work is η = (−, +, +, +). The selfenergy re-summed jet propagator S(P ) is given by 10) and the damping rate of the jet Γ single is identified by the ansatz
can be written as a sum of particle branch with a positive energy pole and anti-particle branch with a negative energy pole. We choose only the particle branch part, since the anti-particle branch decouples in high energy limit.
neglecting a mass shift and wave function renormalization which are from the real part of Σ R (P ) instead of the imaginary part. This ansatz is equivalent to 12) and comparing with (2.10) and using Tr(P(p)) = 2, we have 13) which is the desired formula relating the damping rate of the jet with the imaginary part of its retarded self-energy.
Using the explicit expression (2.7) for Σ ra (P ), and (2.8), and the similar thermal relations for gluon propagators
with the gluon spectral density ρ g αβ (Q) that is a hermitian matrix in (α, β), one can finally arrive at after some amount of manipulations (see Appendix 2 in Ref. [8] for the relevant details) 15) which is basically a cut of the self-energy where all internal propagators are replaced by their spectral densities. For the bare jet internal line S (0) (P +Q), it imposes simply the onshell δ function on the out-going jet state after the scattering, while the spectral density of the internal gluon line encodes the soft t-channel scatterings with hard LLL quarks or hard thermal gluons. A convenient fact for us is that the internal 1-loop momentum q is nothing but the exchanged momentum in these t-channel scattering with the hard particles, so that one can read off the differential scattering rate dΓ single /d 3 q by simply writing the result as
To find the gluon spectral density after re-summing 1-loop gluon self-energy from the LLL quarks, we start from 17) where the inverse refers to the Lorentz indices, and Π ra αβ (Q) is the ra-type gluon self-energy at 1-loop
where j α is the quark color current after color indices are stripped off, and the quark color traces gives T R which is 1/2 for fundamental and N c for adjoint representation, and N F is the number of light flavors. In our LLL approximation in massless limit, the above current-current correlation function factorizes into a product of 1+1 dimensional correlation function and the transverse density of the LLL states. The former is then easily computed using the well-known bosonization of 1+1 dimensional fermion into a massless real scalar field. These have been recently computed in Ref. [6] and the result is given by 19) where Q and η αβ refer to 1+1 dimensional components of momentum and the metric along the magnetic field direction, q ⊥ is the component perpendicular to the magnetic field direction, and
The (G ra (0) (Q)) −1 and therefore G ra (Q) needs a gauge-fixing, and we choose to work in the covariant gauge where
where ξ is a gauge parameter. Then, G ra (Q) with (2.19) is found to be given by
where
The gluon spectral density is defined to be twice of the hermitian part of G ra (Q), and since the above is symmetric in Lorentz indices, it is simply twice of the real part: ρ g αβ (Q) = 2 Re G ra αβ (Q) . The second term involving ξ is proportional to Q α , which vanishes after being contracted with the jet currentŪ (P + Q)γ α U (P ) in (2.15) 
which is a key ingredient in our subsequent computations.
Since
where we assume the magnetic field points to theẑ direction, there are two separate pieces in the above spectral function. They reflect the two light-like spectrums of 1+1 dimensional LLL quarks moving in opposite directions, each corresponding to a definite 4D chirality of massless quarks. Since the gluon vertex with the quarks does not mix the two chiralities, the momentum transfer Q should be given by the momentum difference of the two states within the same 1+1 dimensional chiral spectrum, and therefore Q should be also light-like in 1+1 dimensions. The term with δ(q 0 − q z ) arises from the LLL quarks moving toẑ direction, while the term with δ(q 0 + q z ) corresponds to the LLL quarks moving to the opposite direction.
Computing the spinor trace in (2.15) gives
where v p is nothing but the velocity of the jet of momentum P . In deriving the above result, we used the on-shell condition P 2 = −M 2 . From the above expression, it is straightforward to see the on-shell Ward identity that we claimed before holds
where we used the fact that the energy δ function in (2.15) imposes the on-shell condition
The scattering rate (2.15) with the gluon spectral density (2.23) and the spinor trace (2.25) are the basic ingredients in our computation of jet quenching parameter in weak coupling theory in the following subsections.
2.2q when the jet is parallel to the magnetic field
Let us first consider the case where the jet is moving parallel to the magnetic field, say
In this case, the notions of and ⊥ from the magnetic field and the jet coincide, so we can use them for both. From the gluon spectral density (2.23) and
there are two distinct delta-functions which give different characteristic contributions to the jet scattering rate. We will find that the one coming from LLL quarks moving opposite to the jet direction (i.e. the one with δ(q 0 + q z )) gives the dominant contribution in high
From (2.15) with (2.23), we see that we need to compute S αβ Q α Q β . Due to the Ward identity and Q α = Q α − Q ⊥α , this is equal to
where we used P · Q ⊥ = 0 and (2.28), as well as Q 2 = q 2 ⊥ in the last equality due to the δ(Q 2 ) factor in (2.23). The net result is quite simple.
From (2.29), let us consider each delta-function separately, and perform q 0 integral so that we can replace q 0 with ±q z where ± refers to each case of the two delta-functions.
Then, the energy delta function in (2.15) is worked out as
where E p+q should be replaced by
since we will see shortly that the typical momentum transfer is q 2 ⊥ ∼ α s eB. Then we have at leading order
while n F (p 0 + q 0 ) is exponentially suppressed due to high energy limit
Gathering all the above discussions, especially (2.30), (2.31) and (2.35), we finally arrive at a compact result for the scattering rate (2.15) as
from which we see that the lower sign case (that is, from δ(q 0 + q z ) piece in the gluon spectral density coming from the LLL quarks moving opposite to the jet direction) gives the dominant contribution in high energy limit v → 1.
The condition (2.34) we assumed is perfectly fine for the lower sign case (that is,
For the uppers sign case, (2.34) will eventually be violated in ultra-high energy limit when
1 is exponentially suppressed anyway. Therefore, we always get the dominant contribution from the δ(q 0 + q z ) piece in the gluon spectral density in high energy limit v → 1, while δ(q 0 − q z ) contribution is sub-leading. We will keep only the dominant contribution in the following.
From (2.36), we get the sought-for differential scattering rate of the jet with the LLL
and the jet quenching parameter to complete leading order in α s is finally computed aŝ , which is naturally expected since the LLL states cannot provide or absorb transverse momentum greater than this. It should be also remarked that the jet-quenching parameter from the LLL states is finite in the infinite energy limit of v → 1.
2.3q when the jet is perpendicular to the magnetic field
Let us next consider the case where the jet is moving perpendicular to the magnetic field direction. We choose the magnetic field to point toẑ, and the jet to move tox direction: p = p xx . What we mean by q ⊥ in the gluon spectral density (2.23) is then q ⊥ = (q x , q y ), while the parallel component is Q = (q 0 , q z ). The transverse directions to the jet is (q y , q z ), and recall thatq is defined as a momentum diffusion constant in this transverse space.
The definition ofq assumes a rotational symmetry around the jet directionx, which is clearly broken by the magnetic field alongẑ. This means that the transverse momentum diffusion of the jet alongẑ will in general be different from the diffusion alongŷ direction. Let us denote the momentum diffusion alongẑ asq z , and alongŷ asq y . The original definition ofq assuming the rotational invariance is the sum of momentum diffusion constants along the two transverse directions:q =q z +q y . The asymmetry in the momentum diffusion constants should affect the BDMPS-Z gluon Bremstrahlung emission pattern in interesting ways to have an azimuthal asymmetry in the gluon emission spectrum (see our discussion in the section 4).
From (2.15) with (2.23) and (2.25), we need to compute
where we again used the Ward identity. We have
where we used the on-shell condition 2P · Q + Q 2 = 0 as well as Q 2 = 0 from (2.23). We will consider a high jet energy limit such that
and since we will see later that Q √ eB, this means that the jet energy is much larger than the momentum transfer:
where v = p x /E p is the velocity of the jet.
As before, the gluon spectral density (2.23) has two separate pieces, each from δ(q 0 ∓q z ) (see (2.24)). Performing q 0 integration simply replaces q 0 with ±q z . Then the energy δ-function in (2.15) becomes after some algebra
where in the final form, we dropped the second δ-function, since it would give no contribution due to Q p x . On the other hand, the first δ-function will put q x to be
where we used p x Q as before. Since q x is along the jet direction, while we are interested in computing the transverse momentum diffusion alongẑ andŷ (q z andq y ), we should integrate over q x at this stage, and the above energy δ-function simply replaces q x with ±q z /v at leading order. The Jacobian in front of the δ-function (2.44) also simplifies as
With all these, the (2.43) becomes
and the jet scattering rate is given by
(2.48)
For the lower sign (that is coming from δ(q 0 + q z ) piece in the gluon spectral density), we can simply change the variable from q z to −q z to get the same expression to the upper sign case, which means that the LLL states moving along or opposite directions to the magnetic field give the same contributions to the jet scattering rate and hence to the momentum diffusion constants. Therefore, the total scattering rate should be twice of the one with the upper sign and the differential scattering rate we can use in order to compute the momentum diffusion constants is finally given as One aspect of the above result (2.49) is that it contains the vacuum contribution which can be obtained in T → 0 limit. In T → 0 limit, we have
which restricts the integral to q 0 = q z < 0 region. The q 0 < 0 means that the jet gives the energy to the LLL states, and it is not difficult to find that the only way this is possible in the vacuum is a pair-creation of quark and antiquark pair from the vacuum.
In the presence of the magnetic field with the 1+1 dimensional dispersion relation of LLL quarks, this pair-creation by the jet energy transfer to LLL states is consistent with the on-shell kinematics, which gives a finite contribution to the jet scattering rate even in the vacuum, as is given by (2.49) with n B (q z ) → −Θ(−q z ).
We first compute these vacuum contributions toq z andq y . We show some details for q vacuum z and the computation forq vacuum y is nearly identical. We havê
(2.52)
Changing q z → vq z , and working in the polar coordinate system of (q z , q y ) plane, (q, θ),
we havê
2 . (2.53)
Without the exponential factor in the numerator, the q integral is linearly divergent in large q limit, so the exponential factor in the numerator provides a relevant UV cutoff, which implies that the dominant leading contribution to the final result comes from the region q 2 ∼ eB. Then in the denominator, one can safely neglect the Debye mass term which is m 2 D,B ∼ α s eB eB ∼ q 2 compared to q 2 at leading order computation. This brings us to leading order
The next-to-leading order correction is further suppressed by an additional factor of √ α s coming from the region q ∼ √ α s eB. The almost same computation gives the leading order vacuum contribution toq y aŝ
We see thatq vacuum z =q vacuum y at leading order, which implies that the momentum diffusion in the transverse space of the jet direction is asymmetric.
Next, we would like to compute the thermal contributions at finite temperature T . This can be obtained by subtracting the vacuum contribution from (2.49):
(2.56)
From the fact that 
There are three important scales in the above result: 1) √ α s eB which sets the scale of Debye screening mass (that appears in the denominator) which serves an IR cut-off, 2) the temperature T that enters n B (q z ) + Θ(−q z ), 3) √ eB that gives the ultimate UV cutoff by the exponential suppression e − q 2 y 2eB . Recall that our assumption on hierarchy of scales is √ α s eB T √ eB. It can be easily seen from the q y integral in (2.58) that the leading contribution comes from the region
This is because q y integral is UV convergent for bothq z andq y due to the denominator, independent of the existence of the e 
valid at leading order. This means that the ultimate UV cutoff, √ eB, does not play a role at leading order in T 2 /eB, and the leading order result comes from the softer scale dynamics between √ α s eB and T .
Let us show some details of our computation ofq z with (2.60) at complete leading order in α s (that is, the leading log as well as the constant under the log):
where we performed the q y integration in the last line. It is not difficult to see from the above that the remaining q z integral produces the logarithm between the IR cutoff √ α s eB and the UV cutoff T . To handle this, we follow the standard technique [9] of introducing an intermediate scale q * between √ α s eB and T (that is, √ α s eB q * T ), and divide the q z integral into |q z | < q * and |q z | > q * . In the first integral of |q z | < q * , since |q z | T we can replace to leading order
and we have 2
In the other region of |q z | > q * , we instead have |q z | √ α s eB, so we can ignore the Debye mass in the denominator at leading order to have 
eB.
A similar computation can be done forq
From the region |q z | < q * we have
and from the region |q z | > q * we have
so the final result forq thermal y at complete leading order is given bŷ are in general different, but in the high energy limit v → 1, they differ only by a constant under the log, while they become equal at leading log order in T 2 /(α s eB).
In summary, the sum of the vacuum and thermal contributions to theq z andq y is given bŷ
We should note that the next-to-leading order correction to the vacuum contribution (the first term in the above) is further suppressed by √ α s compared to the leading order (see the previous discussion below (2.54)), so it is sub-leading by √ α s eB/T 1 compared to the leading order result from the thermal contributions (the second term in the above).
Therefore, the above two terms indeed represent the first two leading terms in our assumed hierarchy of scales α s eB T 2 eB.
Jet quenching in strongly coupled regime
In this section, we compute our jet quenching parameter in strong magnetic field in the AdS/CFT correspondence. We use two well-established methods in literature corresponding to the two different definitions of the jet quenching parameter, albeit the fact that these two definitions agree with each other at weak coupling regime: 1) the first definition is what we have used in our computation at weak coupling, that is, the transverse
, 2) the second definition is in terms of a lightlike Wilson loop [5] with a transverse spatial separation b ⊥ in small b ⊥ limit behaving as
where x + is the light-like extension of the loop. To see the equivalence heuristically at weak coupling (we will not be precise about color factors and normalizations), let's prepare a fast moving initial state with a transverse momentum p ⊥ written in the position basis |x ⊥ as
where S ⊥ is the transverse area put to normalize the state. After traversing the light-like distance x + , each state |x ⊥ in the eikonal approximation will pick-up the Wilson line W (x ⊥ ), so the final state becomes
and the transition S-matrix to the state with additional momentum kick q ⊥ is
Then, the probability distribution of transverse momentum P (q ⊥ ) after traversing the light distance x + becomes 
, the distribution evolves in time (or space z) as
which is precisely the Fokker-Planck equation coming from the random momentum kicks with the momentum diffusion constantq, showing the equivalence of the two definitions.
In section 3.1, we computeq via the definition of 1) in the AdS/CFT correspondence using a single string world-sheet moving with a velocity v; the method developed in Refs [10, 11] . The momentum diffusion constant is identified from the low frequency limit of the spectral density of color electric field correlators in real-time Schwinger-Keldysh formalism, quite similar to conductivity for current operators. In operator-field mapping in the AdS/CFT, the color electric field operator maps to the transverse displacement of the string world-sheet. Since the low frequency limit of spectral density in AdS/CFT correspondence is given solely by event-horizon properties via membrane paradigm [12] , we will skip the details already present in literature, and simply apply the known expression to our situation with strong magnetic field. The same universality has also been derived by holographic RG formalism in low frequency limit.
In section 3.2, we computeq in the definition of 2) from the light-like Wilson loops; the method used in Ref. [13, 14] . As is the case without magnetic field in literature, the definition 2) gives a different result from that from 1), which still seems to be an open issue.
The black-hole geometry in AdS space with a magnetic field in z direction takes a form
The Hawking temperature T of the black hole which is identified with the field theory temperature is
where r h is the radius of the black hole horizon which solves f (r h ) = 0. In the presence of a strong magnetic field B T 2 in the bulk, the black hole metric (3.76) takes the particular form for the region r √ BR 2 where the scale is much smaller than the magnetic field
where f (r) = 1 − 
(3.79)
3.1q from transverse momentum diffusion
The transverse momentum diffusion constant κ(v) "per unit time" of a heavy quark moving with velocity v in the strongly coupled regime at zero magnetic field, was first computed in Refs. [10, 11] for N = 4 Super Yang-Mills theory, and was generalized to non-conformal theories in Ref. [17] . In the eikonal regime of high jet energy, there should be no distinction between heavy-quark and the jet for the momentum diffusion constant, since the scatterings would care only about its color charges. Based on this premise, we can identifyq
where the factor 2 is from the definition of κ(v): it is defined by ξ 
3.1.1q when the jet is parallel to the magnetic field
In the presence of strong magnetic field parallel to the jet, the Nambu-Goto (NG) action is
where the background induced metric on the string h ab is given by
Using the embedding (τ, σ) ⇒ (t(τ, σ), 0, 0, z(τ, σ), r = σ), the background induced
Using a particular Ansatz of the form t(τ, σ) = τ + K(σ) and z = vτ + F (σ), which represents a "trailing string" configuration moving with velocity v, the background induced metric (3.84) becomes
Finding the equation of motion from the action, we have
There exists a gauge freedom of re-parametrizing the world-sheet coordinate τ : τ → τ + h(σ) for any function h(σ), under which we have the transformation K(σ) → K(σ) + h(σ) and z → z + vh(σ). Indeed, the above equation of motion is invariant under this transformation, as it should. Requiring h τ σ (v, z ) = 0 to fix this gauge freedom, we have
, and the radius of the horizon r s of the 2-dimensional black hole is found fromf (r s ) = 0 or f (r s ) = v 2 , i.e., r s = γr h where γ =
The Hawking temperature of the 2-dimensional black hole denoted as T s is still given by (3.77) after replacing T → T s , f (r) →f (r) and p(r) →p(r), i.e.,
where we usedp (r s ) = 2g zz (r s )v 2 + g zz (r s )f (r s ) and r s = γr h .
Note that the drag force acting on the heavy quark F drag is simply given by
where we used C zz = g zz (r s ) and r s = γr h to get the last line. This is independent of the magnetic field in our limit B T 2 . This could be interpreted as a superfluid nature of the LLL states in strong magnetic field, as discussed in Ref. [18] (see also Refs. [19, 20] ).
To obtain the transverse momentum diffusion constant from the color electric field correlators, we consider the fluctuations of the dual field, that is, the fluctuations of transverse position of the string, δx. The transverse fluctuation δh ab (δẋ, δx ) around the background induced metric h ab (v, z ) (3.92) is given by
, and expanding it to linear order in δh ab (δẋ, δx ), one finds
Note that the indices a and b are raised and lowered using the background induced metric h ab (v, z ), and h ab (v, z ) is the inverse of h ab (v, z ).
Using the conjugate momenta Π = ∂L ∂σδx , defining the retarded Green's function
as in Ref. [12] , and using the equation of motion for δx in momentum space derived from the action (3.97)
one can derive the holographic RG flow equation for the retarded Green's function G R to be
Since G τ τ and 1 G
σσ diverge at the horizon of the 2-dimensional black hole metric, i.e., at r = r s , we first note that G R vanishes at ω = 0, and we expect G R ∝ ω for small ω limit. Since the right-hand side is O(ω 2 ), G R becomes a constant in σ in ω → 0 limit.
Demanding the regularity of the right-hand side at the horizon, we find
where the negative sign is chosen for the retarded function (the positivetive sign would be for the advanced function). Therefore, the velocity dependent transverse momentum diffusion constant per unit time is given by [17] 
where we used g xx (r s ) = R 2 B,
is found to bê
Note that when v = 0, κ (0) is identified with κ ⊥ , the heavy-quark momentum diffusion constant in perpendicular direction to the magnetic field introduced in Ref. [6] . Therefore, the B dependence of κ ⊥ = 1 3π √ λBT at strong coupling is similar to κ ⊥ ∝ α 2 s (eB)T found in Ref. [6] at weak coupling.
3.1.2q when the jet is perpendicular to the magnetic field
We next consider a jet moving to x direction, which is perpendicular to the magnetic field direction z. We first find the trailing string background as before. Using the embedding (τ, σ) ⇒ (t(τ, σ), x(τ, σ) , 0, 0, r = σ), and an Ansatz of the form t(τ, σ) = τ + K(r) and x = vτ + F (r), the background induced metric becomes
As in the previous subsection, requiring h τ σ (v, x ) = 0 to fix the residual gauge freedom,
we have
x v which can be used to diagonalize (3.103) as
while the equation of motion becomes
we solve (3.105) to obtain
(3.107)
As before, the two factors in the denominator should vanish at the same location r =r s , which fixes the integration constant to be C xx = g xx (r s ) = g xx = constant. Therefore, (3.107) becomes
and using this, the metric (3.104) finally becomes
which can be interpreted as a 2-dimensional black hole metric with a line element ds
given by , i.e.,
R 2 , and T = r h 2πR 2 from (3.79). The Hawking temperature of this 2-dimensional black hole is given by
Note that the drag force to the heavy-quark jet F ⊥ drag is simply given by
where we used C xx = g xx in the last equality. It is interesting to note that this drag force exists even at zero temperature. As we explained in the case of weak coupling, this is possible in the case of weak coupling due to the fact that it is kinematically possible to create a quark-antiquark pair from the LLL vacuum by scatterings with the jet. It is interesting that we observe the same feature even at strong coupling.
To find the transverse momentum diffusion along z direction (note that z, y are the two perpendicular directions to the jet motion), we consider fluctuations of string position along the z direction which is dual to the z component of color electric field: δz.
The transverse fluctuation δh ab (δż, δz ) around the background induced metric h ab (v, x ) (3.109) is given by
and the Nambu-Goto action is expanded to linear order in δh ab (δż, δz ) as
, defining the retarded Green's function as G
, and using the equation of motion for δz in momentum space derived from the action (3.115) 
By the same reasoning as before, we have in small ω limit
Therefore, the velocity dependent momentum diffusion constant along z per unit time when the jet is moving perpendicular to the magnetic field is given by 
from (3.111),
from (3.112). Therefore, the jet quenching parameterq z ≡
which has a very similar structure to that at weak coupling (2.70). Especially, the first term is the vacuum part that exists even at zero temperature, similarly to the case at weak coupling.
Note that when v = 0, g zz (r s ) = g zz (r h ) = 4π 2 R 2 T 2 , and κ
√ λT 3 is identified with κ , the heavy-quark momentum diffusion constant along the magnetic field introduced in Ref. [6] . Therefore κ at strong coupling is independent of B, which is precisely same to κ ∝ α 2 s T 3 in Ref. [6] found at weak coupling pQCD. This seems in line with the idea of superfluid nature of LLL states in Ref. [18] .
Following the same steps, one can compute the diffusion constant along the other remaining transverse direction y. We find the momentum diffusion per unit time as
for B T 2 , and we finally havê
It is interesting to compare these results in AdS/CFT, (3.120) and (3.122), with the results at weak coupling (2.70) computed in pQCD.
3.2q from light-like Wilson loop
The jet quenching parameter at strong coupling was first computed in Ref. [13, 14] at zero magnetic field using light-like Wilson loops and the AdS/CFT correspondence. See also Ref. [15] for the lattice QCD computation of the jet quenching parameter. Here, we extend the works of Ref. [13, 14] to the case with strong magnetic field by using the general formula for jet quenching parameter derived in Ref. [21] . Since the computational steps are already in literature, we simply summarize the general formula and our results in the case of strong magnetic field. We emphasize that the results we obtain from this method are different from those we obtain in the previous subsection using the heavyquark trailing string: this discrepancy exists even in the original computations for N = 4 SYM without magnetic field. This might be due to possible breakdown of heavy-quark method in ultra-relativistic limit [10] , although it has not been fully understood to the best of our knowledge.
3.2.1q when the jet is parallel to the magnetic field
We first make a coordinate transformation r = R 2 u to rewrite our metric (3.78) as
, the horizon corresponds to u = u h , the boundary to u = 0, and the Hawking temperature T of the BTZ black hole (3.123) is
The jet quenching parameterq for a jet moving along the z direction (with the speed of light v = 1) can be directly obtained from the metric by [21] ,
The integral in the above has a logarithmic UV divergence near u = 0, which is easy to understand. Recall that our BTZ metric (3.123) is valid only up to the "UV cutoff" To find the constant under the log, we need to know the exact geometry interpolating BTZ and AdS 5 , but we will not go into such detail in this work, satisfied with the above leading-log result in our assumed hierarchy B T 2 .
3.2.2q when the jet is perpendicular to the magnetic field
We compute next the jet quenching parameter when the jet is moving perpendicular to the magnetic field. As we can have two different transverse directions, one along the magnetic field, the other perpendicular to the magnetic field, we should consider the two cases separately as before. Let the magnetic field point to z direction, and the jet move to x direction.
The jet quenching parameterq z for the momentum broadening along the z direction iŝ
where an extra factor 1/2 is from our definition ofq z (such that in an isotropic case, q =q z +q y = 2q z ), and u c ≈ 1/ √ B is the UV cutoff of our BTZ metric. From the above, it is easy to see that the region u u c gives a contribution to the integral which is of order u
, that is subleading compared to the contribution from u c u < u h , where the integral becomes simplified to
so that we have a leading order expression forq z aŝ
Similarly, the momentum broadening along y direction,q y , iŝ
The integral produces a leading large logarithm between u c u u h where the integral
The constant under the log requires a full knowledge of the interpolating metric between BTZ and AdS 5 , and it is easy to see that the UV region u u c also produces a constant under the log. Therefore, we have a leading-log result forq y in B T 2 limit aŝ
Comparing with (3.129), we see thatq y q z in the assumed hierarchy B T 2 .
Summary and Discussion
Our results are summarized as follows. In weak coupling perturbative QCD, for a jet moving parallel to the strong magnetic field, we have the jet quenching parameter at complete leading order in α s (the leading log and the constant under the log) aŝ
For a jet moving perpendicular to the magnetic field, there are two different transverse directions due to the presence of the magnetic field. The momentum diffusion along the magnetic field direction,q z , is given bŷ
while the momentum diffusion along the perpendicular direction,q y , is given bŷ
(4.135) In both (4.134) and (4.135), the first term represents the vacuum contribution that exists even at zero temperature, while the second term is the leading thermal contribution to complete leading order (the leading log and the constant under the log). These two terms are the first two leading contributions in the assumed hierarchy of scales, α s eB T 2 eB.
In strong coupling AdS/CFT correspondence, we compute our jet quenching parameters in the two different methods: 1) heavy-quark strings, and 2) light-like Wilson loops.
In the method 1), when the jet is moving parallel to the magnetic field, we have (λ ≡ g 2 s N c and B = eB)q
while, in the case the jet is moving perpendicular to the magnetic field, the two different momentum diffusion constants depending on the orientation with respect to magnetic field areq
In the method 2) of the AdS/CFT correspondence, for the jet moving parallel to the magnetic field, we haveq
and for the jet moving perpendicular to the magnetic field, we havê
Perhaps, the most useful observations from these results in the assumed hierarchy T 2 eB are 1) the jet quenching is generally larger in the case the jet is moving perpendicular to the magnetic field, compared to the case the jet is moving parallel to the magnetic field, 2) in the case the jet is moving perpendicular to the magnetic field, the transverse momentum diffusion is asymmetric,q z =q y . The 1) implies that the strong magnetic field tends to suppress more jets in the reaction plane than the jets out-of reaction plane, so it would reduce the elliptic flow of the jets. The 2) implies that the BDMPS-Z/LPM evolution equation of the gluon emission vertex F (b) in the two dimensional impact parameter space b in large scattering number limit (that is, small b limit, or harmonic potential limit) becomes an asymmetric harmonic oscillator problem with complex frequencies,
where b = (b z , b y ) and ω is the gluon energy. This problem is still solvable analytically both in finite and infinite mediums, which can be plugged into the emission formula to find the azimuthally asymmetric gluon Bremsstrahlung spectrum. We hope to report a detailed numerical analysis of it and its implications in heavy-ion phenomenology of jet spectrum in a near future.
in the main text). The purpose is to confirm our statement in the introduction that this eB. For simplicity, we will present our computation only for the case where the jet is moving parallel to the magnetic field.
The starting point is the expression for the scattering rate with a momentum transfer q in large jet momentum limit P → ∞:
where k is the momentum of the incoming gluon of polarization , and k − q ≡ k is the momentum of the out-going gluon of polarization , and the last δ-function is from the energy conservation,
where we used
There are three diagrams contributing to the matrix element M as shown in Figure  2 . In general we need all three to have a gauge invariant amplitude. We are interested in the leading large P limit of the amplitude, and in this case, it has been known (see Ref. [7] ) that only the first t-channel diagram gives the leading P result if we work in the special gauge · P = · P = 0. From this we have M = gf abcŪ (P + Q)igt a γ β U (P )G βµ (Q)
where b and c denote the color charges of the incoming and out-going thermal gluons, while G βµ (Q) is the t-channel gluon propagator for the exchanged gluon line. The Debye Figure 2 : Three Feynman diagrams for M. The first diagram dominates in large P limit in the gauge · P = · P = 0.
screening provided by the LLL states is included in G βµ (Q) by re-summing the gluon self-energy in this propagator, and it is given previously by (2.22) which we repeat here (4.150)
The color trace gives a factor C R N c , and in large P limit, we have U (P +Q)γ β U (P ) ≈ 2P β .
Due to the on-shell Ward identity, the gauge dependent second term in (4.149) does not contribute, and by the same reason we can replace Q β with −Q ⊥β in the last term. Then, since P β · Q ⊥β = 0 this last term is subleading in large P limit. Therefore we have The rest of the computation parallels the steps in Ref. [7] . Using the energy conservation (4.146) written covariantly as P · Q = 0 we have P · (k + k ) = 2(P · k), and the polarization sum in our gauge is worked out as in Ref. [7] to give
so that
We compute the leading log contribution toq from the scattering rate (4.145) with (4.155). Since we expect that the leading log comes from the range m 
